This study expands on a geometric model of ocular accommodation (Reilly and Ravi, Vision Res. 50:330-336; by relaxing assumptions regarding lens symmetry about the equator. A method for predicting stretching force was derived. Two models were then developed: Model 1 held the equatorial geometry constant at all stages of accommodation, while Model 2 allowed localized deformation at the equator. Both models were compared to recent data for axial thickness, anterior and posterior radii of curvature, surface area, cross-sectional area, volume, and stretching force for the 29-year-old lens. Age-related changes in accommodation were also simulated. Model 1 gave predictions which agreed with the Helmholtz theory of accommodation, while Model 2's predictions agreed with the Schachar mechanism of accommodation. Trends predicted by Model 1 agreed with all available experimental data, while Model 2 disagreed with recent surface area measurements. Further analysis indicated that Model 1 was fundamentally more efficient in that it required less force per diopter change in optical power than Model 2. Model 1 more accurately predicted age-related changes in accommodation amplitude. This implies that the zero-force (fully accommodated) state geometry changes with age due to a shifting balance in residual stresses between the lens and capsule.
Introduction
Accommodation is the process by which the eye dynamically changes its focal length by modulating the force applied to the lens. Presbyopia is the continuous decline in accommodation ability with age which occurs in all humans and primates (Petrash, 2013) . The von Helmholtz (1855) theory of accommodation states that the ciliary muscle applies a tensile force on the zonules to decrease the optical power of the lens, thereby allowing clear vision at distance. Gullstrand (1924) later pointed out that the lens capsule is pivotal in shaping the lens substance in the process of accommodation by distributing the zonular load across the surface area of the lens fiber cells. Recently, Schachar, Black, Kash, Cudmore, and Schanzlin (1995) proposed a modification of the Tscherning (1904) alternative hypothesis in which the equatorial radius and stretching force are maximized at maximum accommodation.
Presbyopia is the progressive decline of accommodation with age. Despite extensive study, the driving force for presbyopia remains unclear (Weale, 1999) . It is most commonly held that an increase in lens stiffness diminishes the lens' ability to change its shape during accommodation (Glasser and Campbell, 1998; Heys, Cram and Truscott, 2004; . Numerous treatments for presbyopia have been developed; unfortunately, none of these approaches offers all of the benefits of the natural mechanism of accommodation. Therefore, efforts have been made to replace the aged lens with a biomimetic substitute matching the behavior of the natural lens using a process called ''lens refilling'' (Kessler, 1964; Koopmans et al., 2003; Koopmans et al., 2006; Koopmans et al., 2004; Parel et al., 1986; .
The success of lens refilling depends on the development of a robust understanding of the optomechanical mechanism of accommodation and its age-related decline so that the prosthesis might mimic the behavior of the young, healthy, natural lens. A number of increasingly complex mechanical models attempt to explain this process (Burd, Judge and Cross, 2002; Burd, Judge and Flavell, 1999; Chien, Huang and Schachar, 2006; Hermans et al., 2006; Handelman, 1982, 1983; Koretz, Handelman and Brown, 1984; O'Neill and Doyle, 1968; Schachar, Huang and Huang, 1993; . The accuracy of such models depends on the accuracy of the input data, namely: the geometry (Chien, Huang and Schachar, 2003; Kasprzak, 2000; Kong et al., 2009 ) and mechanical properties of the lens (Fisher, 1971; Heys, Cram & Truscott, 2004; and its capsule , 2007; Fisher, 1969a; Krag and Andreassen, 2003; Pedrigi, David et al., 2007; Pedrigi et al., 2009; Pedrigi, Staff et al., 2007) . The quality of mechanical property data for both the lens and its capsule have been called into question (Burd, 2009; Burd, Wilde & Judge, 2006; Schachar, 2007) , implicitly casting doubt on predictions of the models which depend on these values.
In light of these difficulties, a geometric model which described the accommodative mechanism in the young lens without involving the mechanical properties of the lens itself was previously developed (Reilly & Ravi, 2010) . Normalized changes in the lens' optomechanical parameters were found to change in a manner qualitatively similar to that predicted by the Helmholtz theory of accommodation upon equatorial loading for a variety of lensshaped capsules surrounding an incompressible material.
In the present study, this model is refined by incorporating asymmetry about the equatorial plane and used recent data to more accurately estimate the disaccommodated geometry of the lens. A slight variation was also derived which predicts accommodation via the mechanism postulated by Schachar et al. (1995) in which localized deformation at the equator yields an increase in optical power upon the application of equatorial tension. The predictions for lens behavior as a function of age and accommodation are quantitatively compared to the most recent available data. The results offer insight into the consistency of published geometric and mechanical metrics for lens performance and give new insights into the driving force for presbyopia.
Methods
The principal methods used to predict changes in lens optical parameters due to an increase in equatorial diameter have been described previously (Reilly & Ravi, 2010) . Briefly, this method predicts changes in optical (axial thickness t, anterior and posterior central radii of curvature R A and R P , and central optical power P) and mechanical (surface area S, cross-sectional area C, volume V, and stretching force F) parameters due to changes in equatorial radius a. The model makes two key assumptions: the geometric shape class of the lens does not change between accommodation and disaccommodation, and that the lens' volume is unaffected by accommodative state (isochoricity). A schematic lens is shown in Fig. 1 .
The present study attempts to generate quantitative predictions of the optical and mechanical responses by removing some of the simplifying assumptions used previously. The lens was represented by a more general formulation in which the anterior and posterior segments of the lens may be represented by different geometries rather than assuming symmetry about the equatorial plane. Specifically, by forcing the volume of each segment to be held constant during accommodation, the solutions found by Reilly and Ravi (2010) still hold. This assumption was based on the findings of Hermans et al. (2009) , who noted that the relative segment thicknesses varied by less than 4% from the fully disaccommodated to the fully accommodated state, and that the lens' volume was independent of accommodative state. Based on this result, the anterior:posterior segment volume ratio was held fixed as 0.7. All calculations were carried out using MATLAB 2013b (The Mathworks, Inc.; Natick, MA). Since the present lens model is asymmetric about the equatorial plane, the general thick lens formula was used to compute the optical power P:
where n A was the refractive index of aqueous and vitreous humors (1.335; Swindle, Hamilton & Ravi, 2008) and n ' was the age-dependent equivalent refractive index of the lens as determined by Dubbelman, van der Heijde and Weeber (2005b) .
Specification of the initial lens geometry
A preliminary investigation indicated that the torispherical dome was capable of giving better quantitative predictions than any of the other geometric shape classes described in Reilly and Ravi (2010) . Therefore, the lens was described as a torispherical dome with an initial shape based on the fully disaccommodated data from Weeber (2001, 2005a) and Strenk et al. (1999) (Table 1 ). The torispherical dome's crosssectional profile zðrÞ is given by
where R t is the radius of the torus (also called the knuckle radius), c is the distance from the optical axis to the center of the torus (i.e. c þ R t ¼ a), and r c is the critical radius at which the torus and spherical cap intersect. The critical radius r c is given by
The previously-described method allowed for arbitrary prescription of the knuckle radius R t . Here, this value was computed from data describing the fully disaccommodated lens geometry ðR t;0 Þ as
where b is the thickness of the segment (i.e. b a is the thickness of the anterior segment of the lens and b p is the thickness of the posterior segment such that t ¼ b a þ b p ). Note that R t was generally different for the anterior and posterior segments and was computed based on the anterior or posterior value of R.
Simulation of accommodation
Once the initial state of the lens was described in this manner, the process of accommodation was simulated by systematically changing the equatorial radius of the lens according to the stretch ratio k, which is related to the equatorial radius a by where a 0 is the disaccommodated equatorial radius. The methods described in Reilly and Ravi (2010) were used to compute the lens' response to this change in equatorial radius. In addition to the responses previously derived (t, R, P, S, and V), the cross-sectional area C and membrane stretching force F may also be computed to allow additional comparison to available data. A closed-form expression for the cross-sectional area C of the torispherical dome was derived by integrating the profile z(r) (Eq. (2)
Two models were derived based on two methods for describing the values for R t . Both were described by the general form
where R t;0 was computed using Eq. (4) and R 0 t describes the knuckle radius variation with equatorial stretching. In Model 1, R 0 t ¼ 0 (i.e. the knuckle radius R t was held constant). All disaccommodated data were then compared with model predictions at maximum a while accommodated values were compared with predictions at minimum a. Model 2 used R 0 t ¼ À10 mm (i.e. the knuckle radius decreased to simulate localized equatorial deformation in response to equatorial stretching as shown by Chien, Huang and Schachar (2006) ). All disaccommodated data were then compared with model predictions at the minimum a while disaccommodated values were compared with predictions at maximum a. A comparison of the model-predicted cross-section profiles of the 29-year-old model lenses is given in Fig. 2 . The nature of zonular attachments are not explicitly modeled. However, one can surmise that in Model 1, the zonules exert a net load which is distributed about the equatorial region whereas in Model 2, the load is more concentrated at the equator itself. The former would induce more uniform deformation throughout the lens capsule whereas the latter would induce localized deformations at the point where the load is applied (Fig. 2 ).
Stretching force model
A model for estimating lens stretching force F was developed to allow comparison with the stretching data of Augusteyn et al. (2011) . This model computes the stretching force based solely on the change in surface area of the lens capsule while the lens itself is treated as an incompressible fluid (i.e. its stiffness is neglected). The work done on the lens by the stretcher is therefore only balanced by the capsule dilation energy, yielding
where S is the instantaneous surface area, S 0 is the surface area in the fully disaccommodated state; E, h, and m are respectively the elastic modulus, thickness, and Poisson's ratio of the membrane; u is the change in equatorial radius due to the applied load; and c 1 and c 2 are the polynomial coefficients for first and second-order terms which yield the best fit to SðuÞ. See the appendix for a detailed derivation. These constants were computed based on fitting a second-order polynomial to the SðuÞ relationship and are therefore different for each simulated lens; both are generally dependent on age, knuckle radius, and whether Model 1 or Model 2 is selected. Note that this neglects the stiffness of the connective tissues and lens and so always underestimates the total stretching force. The value of E was given by
where E is given in MPa and age A is given in years (Krag & Andreassen, 2003) . The value of m was held constant as 0.47 (Fisher, 1969a) . Capsule thickness data from Barraquer et al. (2006, Fig. 7 ) were analyzed to give an age-dependent average thickness for the anterior and posterior capsules. This was achieved by separately fitting the thicknesses of the anterior and posterior portions (i.e. locations 0-100 and 100-200, respectively) with a well-conditioned polynomial h(s) of degree eight, where h was the thickness at arc length s from the pole. This accurately represented the thickness data at all positions. Then, the average thickness h avg for each segment (anterior or posterior) were computed as the volume of a disc with cross section h(s) rotated about the optic axis ðs ¼ 0Þ, then dividing by the volume of an equivalent disc of unit thickness,
Once h avg had been calculated in this way for each age and lens segment, an age-dependent correlation was determined (Eqs. (11) and (12)). Since data for only three age groups were available (36, 65, and 92 years), these correlations were used to extrapolate h avg to younger ages. This approach yielded age-related average capsule thickness values, in lm, for the anterior capsule as
while the average posterior capsule thickness h p was (2011) a A and b P are respectively the age (yr) and change in optical power (D) from the fully accommodated state. b This regression excluded the oldest subject due to high leverage of this observation.
Investigation of aspect ratio effects
An additional computational experiment was derived to ascertain whether Model 1 or Model 2 was more energetically favorable (i.e. which mechanism of accommodation could yield a larger accommodation response per unit force). All features of the 29-year-old lens model stated above were maintained except that the total axial thickness was varied to examine the influence of the lens aspect ratio t/a on its optomechanical performance. Thus, while the initial value for a was the same for all tests, t 0 =a 0 was varied from 0 to 0.7, a range which includes virtually all mammalian lenses. The b a =b p ratio was held fixed at 0.73 as above. The value of R t was arbitrarily selected as 0.4b. Stretching was then simulated as detailed above. A performance metric r, given by
was selected to indicate the relative optical power change per unit force. Whichever model yielded a larger response would require less force to achieve the same accommodative amplitude. These results were then compared with the experimental results for lens stretching in which r was measured (Augusteyn et al., 2011; Reilly, Hamilton, Perry, & Ravi, 2009 ).
Results

Changes with accommodation
Qualitative predictions by each model are contrasted with experimental data in Table 2 . Model 1 predicted changes in agreement with the Helmholtz theory of accommodation and the most recent experimental data: decreasing the equatorial radius resulted in increased curvature, thickness, and optical power while decreasing the surface area, cross-sectional area, and stretching force (Fig. 3) . Model 2 predicted changes in agreement with the Schachar theory of accommodation: increasing the equatorial radius resulted in increased anterior curvature (though posterior curvature decreased), thickness, and optical power; surface area and stretching force increased and cross-sectional area remained approximately constant (Fig. 4) . Table 3 gives relative errors in L 2 norm for the predictions of both models of the 29-year-old lens (Reilly & Ravi, 2010, Eqs. (20) & (21)). Errors are much lower for Model 1 excepting the stretching force where both models give predictions well below the measured values. Table 4 gives relative errors in L 2 norm for age-dependent model predictions for both models. Errors for the optical parameters (thickness, radii of curvature, and optical power) were below 10% for both models.
Changes with age
Model 1 overpredicted changes in thickness by about 150 lm at all ages though all other predictions for radii of curvature and lens optical power were within experimental uncertainty (Fig. 5A-D) . No experimental data were available for changes in surface area with accommodation and age; comparison of the zero-traction prediction with the in vitro data of Urs et al. (2009) gave a very similar trend with an offset of about 25 mm 2 (Fig. 5E ). Predicted changes in cross-sectional area due to accommodation show trends similar to those measured by Strenk et al. (1999) (Fig. 5F ) wherein the cross-sectional area increases during accommodation, though this increase decreases with age due to the diminished geometric change in the lens. Capsule dilation forces are much lower than the stretching forces reported by Augusteyn et al. (2011) and are predicted to decrease with age. The model's age-related increase in volume shows a similar trend to the in vitro data of Urs et al. (2009) with an offset of about 25 mm 3 . Model 2 underpredicted changes in lens thickness at all ages (Fig. 6A) . Changes in anterior radius of curvature were similar to those measured by Dubbelman, van der Heijde and Weeber (2005a) but posterior radius changes were minimal and increasing rather than decreasing as shown in the data (Fig. 6B and C) . These changes combined resulted in accommodation-induced increase in optical power much lower than that measured clinically at all ages ( Fig. 6D ; Dubbelman, van der Heijde & Weeber, 2005a) . The surface area remained constant with age in the accommodated state while that of the zero-traction (disaccommodated) state was qualitatively 
Table 2
Summary comparison of data and model predictions upon disaccommodation in the 29-year-old lens.
Source
Thickness Ant. ROC Post. ROC Surf. area C.S. area Force
similar to the data of Urs et al. (2009) . Changes in cross-sectional area were exaggerated relative to the data of Strenk et al. (1999) (Fig. 6F) . Membrane dilation force was predicted to be about 2.5 standard deviations below the mean value reported by Augusteyn et al. (2011) (Fig. 6G ) with a nonlinear age-related trend. The model's age-related increase in volume shows a similar trend to the in vitro data of Urs et al. (2009) with an offset of about 30 mm 3 . Fig. 2 clearly illustrates the key differences between the two models. Model 1 simultaneously exhibits decreased thickness and flattening of both surfaces upon an increase in equatorial radius; the equatorial geometry remains unchanged throughout the stretching process. These changes are in accordance with the von Helmholtz (1855) theory of accommodation. Model 2 exhibits increased thickness and curvature with increasing equatorial radius; these changes are coupled to localized deformations in the equatorial region. These changes are in accordance with the Schachar et al. (1995) theory of accommodation. Both models were able to qualitatively predict the optical changes known to occur during accommodation. Model 1 consistently predicted optical changes which were quantitatively in agreement with data (Figs. 3 and 5) while Model 2 consistently underpredicted changes in optical power (Figs. 4 and 6 ). This seems to be a fundamental limitation of simulated accommodation proceeding according to the Schachar mechanism (Chien, Huang & Schachar, 2006) . Fig. 7 shows the predicted relationship between force and optical power for the two models. Recent in vivo measurements of cross-sectional area, surface area, and equatorial radius during accommodation and disaccommodation have found that surface area and equatorial radius both decrease during accommodation while cross-sectional area increases (Hermans et al., 2009; Strenk et al., 1999; Strenk et al., 2004) . Model 1 predicted all three of these changes (Figs. 3) while Model 2 predicts opposite changes for surface area and equatorial radius (Fig. 4) . Qualitative comparisons of model predictions with clinical observations are summarized in Table 2 . Strong local deformations in the equatorial region enable Model 2 to simulate accommodation. Chien, Huang and Schachar (2006) observed this same phenomenon using a membrane elasticity model to simulate accommodation using a point displacement applied at the equator. They cited Saint Venant's principle as justification for this simple boundary condition, stating that changes at the pole would be unrelated to the specific nature of the deformation at the equator. However, the present computational experiments demonstrate that this is false: the volume constraint inherently couples the deformation of the equator with that of the polar regions of the lens. As stated by von Mises (1945) and Naghdi (1960) , Saint Venant's principle holds in cases of edge loading but not necessarily for cases where normal loads are applied. In Chien's formulation, a load normal to the equator is applied resulting in the generation of a uniform internal pressure. This in turn induced divergent strains at the equator -a solution only admissible due to the neglect of bending stresses. In reality, the equatorial loading is distributed via a complex arrangement of zonular fibers. Removal of some of these fibers has been shown to alter the optical response of the lens, thereby demonstrating the importance of the distribution of loading about the equatorial region (Nankivil et al., 2009) .
Discussion
The present models predict a decrease in stretching force with increasing age. This prediction disagrees with available measurements which indicate that the maximum stretching force in vitro is independent of age (Augusteyn et al., 2011) . The model only accounts for forces arising from dilation (change in surface area) of the lens capsule during disaccommodation. Since the geometry of the older lens changes less during disaccommodation, the lens capsule also stretches less. Additional factors which contribute to the experimentally-measured stretching force are the forces required to deform the lens fiber cells, zonules, ciliary body, choroid, and sclera. The model shows that the contribution of the total stretching force arising from the lens capsule decreases with age. Therefore, the gap between this prediction and the data may be due to mechanical changes in these other tissues (e.g. stiffening of the lens) which contribute less to the stretching force of the youthful lens. The predicted force is also lower at all ages than the measured stretching forces.
Both models predict forces lower than those reported by Augusteyn et al. (2011) for experimental stretching of lenses in any age range (Figs. 3-6 ). Several factors may contribute to this disparity. The biomechanical model treated the lens as an incompressible fluid, thereby neglecting its elasticity. It is well known that the lens generally stiffens with age (Fisher, 1971; Glasser & Campbell, 1998; Heys, Cram & Truscott, 2004; Wilde, Burd & Judge, 2012) . Burd (2009) demonstrated that the values for the elastic modulus of the lens capsule are likely artificially low due to the use of uniaxial testing by Krag and Andreassen (2003) . However, no source of biaxial data are available at various ages. The method for computing total dilation energy also simplifies the problem by assuming constant thickness. Finally, the measurements of stretching force may overestimate the force required to disaccommodate due to the presence of connective tissues, friction in the mechanical instrument, or other factors.
Several assumptions form the foundation of this model: constant piecewise volume, a simple geometric description of the lens, and the requirement that the lens conforms to this geometric description throughout the accommodation process. Disparities between the cross-sectional area, surface area, and volume in the fully-prescribed disaccommodated state indicate that the torispherical dome is not a completely accurate representation of the lens geometry, as this state is independent of any other modeling assumptions. Further, interaction between the capsule and the lens matrix may result in a change of geometric shape class during accommodation. This interaction is also neglected in development of the simple membrane dilation method for computing the stretching force. Several studies have already shown evidence that lens volume changes during accommodation (Candia, 2011; Gerometta et al., 2007; Kong et al., 2009; Sheppard et al., 2011; Zamudio and Candia, 2011) ; this model is incapable of reproducing these changes since it necessarily treats the lens as having a constant volume throughout the accommodation process.
Despite these limitations, Model 1 was able to quantitatively capture changes in axial thickness, radii of curvature, and optical power with both age and accommodation, generally to within the experimental uncertainty of the source data. Its inability to quantitatively predict changes in surface area, cross-sectional area, and volume may be due to the simplicity of the selected geometry, which did not exactly match the volume, surface area, or cross-sectional area in the disaccommodated state. However, it was still able to render predictions which qualitatively agreed with data for all responses.
Model 2 appears to be incapable of producing accommodation with an amplitude equal to the physiological level observed in young humans. The change in optical power due to increasing equatorial radius is nonlinear (specifically, concave down: d 2 P=dk 2 < 0), approaching a maximum value well below the physiological accommodation amplitude of the 29-year-old lens (Fig. 4C ). This finding concurs with the modeling results of Chien, Huang and Schachar (2006) , which showed a low achievable accommodation amplitude for accommodation following this paradigm. This implies that, at large k, increasing the equatorial radius no longer yields a change in optical power (i.e. dP=da 0). Thus, while it appears accommodation is theoretically possible by the Schacharian mechanism, the inescapable presence of a maximum optical power significantly lower than clinically observed accommodation amplitude is a fundamental limitation of accommodation via this mechanism. In terms of lens refilling for the treatment of presbyopia, these findings indicate that one must not only match the mechanical and optical properties of the young, natural lens, but also its accommodated geometry. The volume of the refilled lens is an essential variable in determining its accommodative amplitude (Koopmans et al., 2006; ). This necessitates a method for rigorously relating the volume of a refill material to the final shape of the capsule. Fisher (1969b) previously noted that the aspect ratio of the lens is a key factor in determining its accommodative ability. The results shown in Fig. 8A concurs with Fisher's Fig. 6 in that the human lens has an aspect ratio which is nearly optimal for energy-efficient changes in optical power. Cross (2002) attempted to simulate age-related changes in both the geometry and mechanical properties of the lens. However, the predicted changes in lens optical power due to zonular tension did not agree with clinical measurements of accommodation amplitude. These discrepancies were primarily attributed to uncertainty in the mechanical properties and geometry of the aging lens and capsule. previously showed that changing the mechanical properties of the lens diminished the ability of the lens to decrease its optical power due to applied equatorial loading. However, this does not necessarily address the question of whether the lens could recoup its fully accommodated geometry.
In both the Helmholtz theory and Model 1, the fully accommodated lens is in the zero-traction state (by definition, there is zero applied load). Note that this is not the same as a zero-stress state: residual stresses may still exist between the capsule and lens fibers. The lens' optical power in the zero-traction state decreases from 31.4 D at age 28 to 23.9 D at age 55 including the age-related change in refractive index. Computing the power of the zero-traction lens assuming that the equivalent refractive index remained unchanged with age at 1.43 (the value at 29 years of age) yielded a power of 26.8 D. Thus, age-related changes in refractive index contribute about 38% of the decline in accommodation amplitude while age-related changes in the geometry of the zero-stress state contribute the balance (62%). The gradual age-related decline in refractive index ensures clear distance vision (i.e. the minimum power declines slightly with age; Goldblum et al., 2013) . The mechanics governing the fully accommodated (zero traction) state are not yet well understood because they are governed by a complex interaction between the properties of the lens and its capsule. These residual stresses are neglected and the accommodated state of the lens is assumed to be stress-free (e.g. Burd, Judge & Cross, 2002) ; these models then simulate the process of disaccommodation. Fig. 5 shows that the zero-force state (i.e. the fully accommodated state) gradually approaches that of the fully disaccommodated state with age. The fully disaccommodated geometry changes relatively little with age. This implies that, at all ages, the ciliary muscle is capable of exerting at least enough force to induce full disaccommodation in the emmetropic eye and may be capable of exerting more force on the lens; this concurs with the experimental findings of Strenk, Strenk and Koretz (2005) .
Several aspects of Model 2 are fundamentally contradicted by the data (i.e. they are not simply the result of specific modeling assumptions but fundamental to any model which performs according to the Schachar mechanism of accommodation). First, surface area must increase during accommodation whereas Hermans et al. (2009) found the opposite in vivo (Fig. 4D) . Second, the maximum accommodation amplitude is sub-physiological (Fig. 5D ) and concave downward with respect to equatorial stretching (Fig. 4C) implying that additional stretching cannot increase the amplitude of accommodation. This latter finding is particularly important as it implies the inapplicability of the proposed mechanism of scleral expansion as a reversal for presbyopia (Schachar, 2001) .
The lens continues to grow throughout life, resulting in increased lens mass and volume (Augusteyn, 2008; Strenk, Strenk & Koretz, 2005; Urs et al., 2009 ). To accommodate this increased volume, the lens becomes increasingly spherical Dubbelman, van der Heijde & Weeber, 2005a) , thereby minimizing the surface area per unit volume. This implies minimization of the residual tension in the capsule during maximal accommodation. This tension may or may not be further minimized by remodeling of the capsule. The capsule is prevented from obtaining a spherical conformation by a balancing of the total energy in the lens/capsule complex. Future work should focus on understanding this interaction. Fig. 8 . Ratio of accommodation amplitude to stretching force for various aspect ratios (tD=2aD where D refers to the disaccommodated state) for both models of accommodation. Note that Model 1 offers a superior performance ratio for all aspect ratios greater than 0.25, and that the human lens progresses to higher aspect ratios with increasing age. For reference, the approximate aspect ratios for various species are as follows: young human -0.38 (Hermans et al., 2009 ); pig -0.82 ); rhesus monkey -0.40 (Glasser, Wendt & Ostrin, 2006) ; cow -0.66, rabbit -0.73, chicken -0.39 (Kuszak, Zoltoski & Sivertson, 2004) ; mouse -0.82 (Reilly & Andley, 2010) .
The lens was treated as an incompressible fluid for simplicity such that U ' ¼ 0. The capsule was treated as a capsule which experiences an area dilation characterized by the parameter
where S is the instantaneous surface area and S 0 is the surface area in the fully disaccommodated state. Membrane theory then gives (Daily, Elson and Zahalak, 1984) U
Here, T 0 is the residual membrane tension and K is the area dilation modulus given by
with E, h, and m are respectively the elastic modulus, thickness, and
Poisson's ratio of the membrane (Rachik et al., 2006) . Neglecting T 0 gives the work done on the lens capsule as
The centrifugal force F applied by a lens stretcher in achieving a change in lens radius u is then
Applying the chain rule,
While closed-form solutions for FðkÞ were derived for the spherical cap, paraboloid, and oblate spheroid, they are extremely complex. Therefore, an approximation was obtained as follows: @S=@u was estimated by computing SðkÞ at nine linearly spaced points on ½0; u max . These points were then fitted with a second-order polynomial SðkÞ ¼ c 0 þ c 1 u þ c 2 u 2 , which exactly fit all solutions. The analytical derivative of this polynomial,
was then substituted into Eq. (20) yielding the final form
